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Efficient two-mode interferometers with spinor Bose-Einstein condensates
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We consider general three-mode interferometers using a spin-1 atomic Bose-Einstein condensate
with macroscopic magnetization. We show that these interferometers, combined with the measure-
ment of the number of particles in each output port, provide an ultra-high phase sensitivity. We
construct effective two-mode interferometers which involve two Zeeman modes showing that they
also provide an ultra-high phase sensitivity but of a bit reduced factor in the corresponding Fisher
information. A special case of zero magnetization is shown to persist the efficiency of the two-mode
interferometry.
PACS numbers: 03.67.Bg, 03.75.Dg, 03.75.Gg.
I. INTRODUCTION
Spinor Bose-Einstein condensates proved to be an ideal
candidate for high resolution sensitive magnetometers [1–
7], where the information about magnetic field strength
is encoded in 2F + 1 magnetic sublevels of the total
spin F hyperfine manifold. Many theoretical propos-
als [8–13] as well as experiments [14–18] have demon-
strated generation of highly entangled quantum states in
spinor condensates, thus opening up the possibility for
entanglement-enhanced atomic magnetometers operating
below the standard quantum limit (SQL). Exceptional
functionality of atomic sensors is based on quantum in-
terferometry techniques [19].
In the quantum interferometry scheme, a physical
quantity like the magnetic field is mapped onto a phase
difference θ between the internal states of the atoms, and
can be estimated by performing a number of quantum
measurements at the output [20]. The most widely uti-
lized technique is based on the measurement of a single
observable that provides a well behaved monotonic signal
as a function of θ. It may happen that in order to fully ex-
ploit the potential of the system a knowledge of the entire
conditional probability distribution is necessary [21, 22].
Regardless of the estimation strategy, the precision in the
θ estimation is bounded from below via the Crame´r-Rao
inequality ∆θ > 1/
√
νI [23], where ν is the total number
of measurements and I is the Fisher information (FI) [24]
which depends on the input state, interferometric proto-
col and measurement. Clearly, modification of the mea-
surement changes the estimation precision. According to
the quantum Crame´r-Rao theorem [25] the FI cannot be
larger than the quantum Fisher Information FQ (QFI),
which is the maximized FI over all allowable quantum
measurements. Substituting FQ in place of I in equation
for ∆θ yields the ultimate lower bound on the precision
achievable by a quantum mechanical strategy. The scal-
ing of the QFI with the total atom number N is of main
interest. In the SQL, FQ ∝ N is reached when uncorre-
lated atoms are used in the interferometry, while in the
ultimate Heisenberg limit, FQ ∝ N2 (HL) is possible by
using entangled states. In principle, the precision in the
magnetic field sensing can be significantly increased by
employing entangled states in atomic magnetometers.
Here, we are interested in the interferometric util-
ity of spin-1 Bose-Einstein condensates with three inter-
nal states numerated by the quantum magnetic number
mF = 0,±1 for the situation of current experimental rel-
evance [26], where the total number of atoms and the
magnetization M ≡ 〈Jˆz〉 = 〈NˆmF=1〉 − 〈NˆmF=−1〉 are
both conserved. Additionally, the optical dipole trap is
tight enough that the condensate forms in the single spa-
tial mode with thermally populated internal degrees of
freedom [27]. In [9], by calculating the QFI, we have
shown that it is possible to overcome the SQL if the vari-
ance of magnetization ∆M is smaller than
√
N , and even
approach the HL if ∆M < 1 when using such thermal
states. In this work we pursue further our study focusing
on an optimal measurement which maximizes the FI and
on an accessible with current experimental techniques in-
terferometric transformations.
In the paper we concentrate on the measurement of the
number of particles in each Zeeman component showing
that it maximizes the FI for the most optimal three-
mode interferometric transformations. Although, the
three-mode interferometric transformations which opti-
mally employ the QFI are not the representative ones, we
show how they could be constructed in an experiment.
We propose also to use a two-mode interferometric trans-
formation equivalent to the Mach-Zehnder interferometer
(MZI) in the appropriate choice of the SU(2) subspace.
In practice, it means a reduction of the system to the
two-mode description by truncation of the density matrix
over the unused by the interferometer third mode. Then,
by using such two-mode interferometric transformations
the HL is still possible to reach with slightly reduced fac-
tor in some cases only. We show also how to construct
an effective two-mode interferometer for the system con-
sisting of atoms having an arbitrary large value of the
spin F . The conclusion is suitable for any value of mag-
netization, including the special case of widely studied
zero magnetization. It is worth to notice that non-zero
temperatures considered by us do not destroy the HL of
the FI. Moreover, thermal fluctuations among internal
degrees of freedom can be a resource for transition from
the SQL to the HL in some cases.
2In addition, we analyzed the estimation preci-
sion of effective two-mode interferometers using the
error-propagation formula and measurement of the z-
component of the total spin operator squared or parity
operator. In general, the quantum Crame´r-Rao bound
cannot be saturated in both cases, except M = 0 when
the z-component of the total spin operator squared is op-
timal. However, in a special case when the third mode
is not populated, the parity measurement is optimal for
any value of magnetization.
Nonzero variance of magnetization, however, has de-
structive impact on the precision in the θ estimation as
we have already pointed out in [9]. When ∆M > 1 the
measurement of populations of Zeeman components is
not the most optimal one as the FI slightly differs in the
value from the QFI. However, the measurement is not
the worst option because the FI shows, similarly as the
QFI, that the SQL can be still overcome if the variance
of magnetization is smaller than
√
N .
The paper is organized as follows. In Sections II and
III we present the model and remind our previous results
concerning the QFI values and optimal interferometric
transformations. A two-mode interferometry is defined in
Section IV. An experimental implementation of optimal
interferometric transformations is discussed in Section V.
The main results of the paper are shown in Section VI for
macroscopic magnetizations, and in Section VII for zero
magnetization. In last Section VIII we examine the esti-
mation precision from the measurement of signal based
on the method of moments.
II. THE MODEL
The system we focus on is a spin-1 atomic condensate
in a homogeneous magnetic field [26, 28]. We assume
the single mode approximation is valid [29–33] 1, and all
atoms share the same spatial wave-function φ(r), which
is a solution of the Gross-Pitaevskii equation with nor-
malization
∫
d3r|φ(r)|2 = 1 [34]. The many-body system
Hamiltonian reduces to [9–11, 16, 35–38]
Hˆ
c˜
=
sign(c2)
2N
Jˆ2 − qNˆ0, (1)
where Jˆ2 is the total spin operator and NˆmF is the par-
ticle number operator for the Zeeman state mF = 0,±1.
The energy unit is c˜ = N |c2|
∫
d3r|φ(r)|4 , where c2 =
4π~2(a2 − a0)/3µ, µ is an atomic mass, and a0 and a2
are the s-wave scattering lengths [32]. For c2 < 0 (e.g.
1 The system considered consists of a few thousand atoms in which
creation of spin domains are energetically not favorable (spin
healing length is much larger than the linear system size). There-
fore, in the low temperature limit all atoms share the same spatial
wave function and the spatial and spin degrees of freedom can
be decoupled.
rubidium-87) the interaction term favors the ferromag-
netic phase, with maximal total spin length J = N ,
whereas for c2 > 0 (e.g. sodium-23) the antiferro-
magnetic phase minimizes the interaction energy with
spin length J = 0 [28]. The second term in (1) de-
scribes the quadratic Zeeman energy, where q = Q/c˜
and Q = (µBB)2/(4Ehf) depends on the magnetic field
strength B, the Bohr magneton µB and the hyperfine
energy splitting Ehf which can be both positive and
negative [39, 40]. The total number of atoms operator
Nˆ =
∑
mF
NˆmF and the z-component of the collective
spin operator Jˆz = Nˆ+1−Nˆ−1 are both conserved. Thus,
terms proportional to Nˆ and Jˆz have no influence on the
results, and they were dropped in the final form of (1).
The Hamiltonian (1) has a block-diagonal structure in
the Fock state basis with each block labeled by the mag-
netizationM = −N,−N+1, . . . , N , being the eigenvalue
of the Jˆz operator.
Conservation of magnetization M has a direct conse-
quence on the equilibrium states of the spinor conden-
sate [27]. The general quantum state ρˆ takes the block-
diagonal structure [9, 41]
ρˆ =
N∑
M=−N
wM ρˆM , (2)
where ρˆM = PˆMe
−βHˆ/c˜PˆM/ZM is a thermal state in
the subspace of fixed magnetization M , with projection
operator PˆM , and ZM is the partition function ensur-
ing Tr{ρˆM} = 1. The temperature T is controlled by
the parameter β = c˜/(kBT ), where kB is the Boltzmann
constant. The non-thermal weights wM = exp[−(M −
M¯)2/2σ2]/Z, where Z =
∑
M exp[−(M − M¯)2/2σ2], re-
flect experimental control over the magnetization before
thermalization. The average value of magnetization is
M¯ = 〈Jˆz〉, while fluctuations of magnetization ∆M are
set by ∆M =
√
〈Jˆ2z 〉 − 〈Jˆz〉2 ≃ σ.
III. THE QUANTUM FISHER INFORMATION
The three magnetically sensitive Zeeman states can
be used to encode information about unknown physi-
cal quantities using quantum interferometry techniques.
In [9] the authors characterized metrological usefulness
of quantum states defined in Eq. (2) for generalized
three-mode linear interferometry using the QFI. When-
ever magnetization can be well controlled, σ < 1, both
ground states and mixed by the temperature states pro-
vide Heisenberg-like scaling of the QFI, irrespective of
the magnetization value. However, as noted in [9] fluctu-
ations of magnetization reduce the QFI but the sub-SQL
value preserves as long as σ <
√
N . The authors em-
phasize that the quantum interferometer which provides
optimal value of the QFI is relatively simple due to rota-
tional symmetry around the Jˆz operator of the state (2).
3The output state of the three-mode interferometer with
equal phase difference θ between neighboring paths can
be written in general as ρˆout = e
−iθΛˆn ρˆeiθΛˆn , where ρˆ
is the input density matrix and Λˆn = Λˆ · n is a gener-
ator of rotation, with a unit length vector n and a vec-
tor of generators Λˆ = {Jˆx, Qˆzx, Jˆy, Qˆyz, Dˆxy, Qˆxy, Yˆ , Jˆz},
spanning the bosonic SU(3) Lie algebra:
Jˆx =
1√
2
(
aˆ†
−1aˆ0 + aˆ
†
0aˆ−1 + aˆ
†
0aˆ+1 + aˆ
†
+1aˆ0
)
, (3)
Qˆzx =
1√
2
(−aˆ†
−1aˆ0 − aˆ†0 aˆ−1 + aˆ†0 aˆ+1 + aˆ†+1aˆ0
)
, (4)
Jˆy =
i√
2
(
aˆ†
−1
aˆ0 − aˆ†0aˆ−1 + aˆ†0aˆ+1 − aˆ†+1aˆ0
)
, (5)
Qˆyz =
i√
2
(−aˆ†
−1
aˆ0 + aˆ
†
0
aˆ
−1 + aˆ
†
0
aˆ+1 − aˆ†+1aˆ0
)
, (6)
Dˆxy = aˆ
†
−1
aˆ+1 + aˆ
†
+1
aˆ
−1, (7)
Qˆxy = i
(
aˆ†
−1aˆ+1 − aˆ†+1aˆ−1
)
, (8)
Yˆ =
1√
3
(
aˆ†
−1aˆ−1 − 2aˆ†0aˆ0 + aˆ†+1aˆ+1
)
, (9)
Jˆz = aˆ
†
+1aˆ+1 − aˆ†−1aˆ−1, (10)
where aˆmF is the annihilation operator of the particle in
the mF Zeeman component. For instance, the phase θ
can be proportional to the magnetic field strength owing
to the linear Zeeman effect [9].
For macroscopic magnetization, i.e. M = O(N) and
N −M = O(N), the optimal QFI was shown [9] to be
FQ = 4max(λA, λB), with
λA = Γ66, (11)
λB =
(
Γ33 + Γ44 +
√
4Γ234 + (Γ33 − Γ44)2
)
/2, (12)
where elements of the covariance matrix Γ are defined as
follows
Γi,j [ρˆ] =
∑
k
vk
[
1
2
〈k|{Λˆi, Λˆj}|k〉 − 〈k|Λˆi|k〉〈k|Λˆj |k〉
]
− 4
∑
k>l
vkvl
vk + vl
Re
[
〈k|Λˆi|l〉〈k|Λˆj|l〉
]
, (13)
with eigenvalues vk and eigenvectors |k〉 of the input den-
sity matrix operator ρˆ =
∑
vk|k〉〈k|. The maximal possi-
ble value of the QFI is FQ = 4N
2 and sets the Heisenberg
limit for the estimation precision ∆θ, which can be at-
tained only by the fully particle entangled states. On the
other hand, separable states can give at most FQ = 4N .
The factor 4 in the scaling of characteristic limits of
the QFI is due to the SU(3) Lie algebra (the extensions
from qubits to qudits for corresponding scaling can be
found in [20, 42]). In general, for separable qudit states
FQ[ρˆsep] 6 N(hmax − hmin)2 , while for entangled states
FQ[ρˆ] 6 N
2(hmax − hmin)2, where hmax and hmin are
the maximal and minimal eigenvalues of the single qudit
Hamiltonian, respectively. In the case of qutrits (three-
mode case) one has hmax = 1 and hmin = −1, whereas for
qubits (two-mode case) hmax = 1/2 and hmin = −1/2.
The optimal value of the QFI can be attained when
particular interferometer, defined by the operator Λˆn, is
used. When the QFI is determined by the value of λA
(or λB), the rotation e
−iθΛˆ(A)
n (or e−iθΛˆ
(B)
n ) optimizes the
QFI, where
Λˆ(A)
n
= Qˆxy (14)
and
Λˆ(B)
n
=
1√N (Jˆy + γQˆyz)
=
i(1− γ)√
2N (aˆ
†
−1aˆ0 − aˆ†0aˆ−1) +
i(1 + γ)√
2N (aˆ
†
0aˆ1 − aˆ†1aˆ0)
(15)
with
γ = (Γ44 − Γ33 +
√
4Γ234 + (Γ33 − Γ44)2)/(2Γ34) (16)
andN = 1+γ2. Although the covariance matrix (13) has
a complicated form, the QFI is given by the variance of
Λˆ(A,B) as long as fluctuations of magnetization are neg-
ligible (σ → 0). This property stems from the fact that
generators of the rotation (14-15) change magnetization,
and thus the second term in Eq. (13) vanishes.
TABLE I. The expressions for the quantum Fisher informa-
tion FQ and the optimal generator of interferometer rotation
Λˆn when magnetization is macroscopic, i.e. M = O(N) and
N −M = O(N).
β →∞, q < qth β →∞, q > qth β → 0, any q
FQ 4λA 4λB 4λB
FQ(σ → 0) 4〈(Λˆ(A)n )2〉 4〈(Λˆ(B)n )2〉 4〈(Λˆ(B)n )2〉
Λˆn Λˆ
(A)
n Λˆ
(B)
n Λˆ
(B)
n
The diagram of the optimal QFI as a function of q
and β, for a fixed M , is very regular. It consists of
three regions where the optimal interferometer is either
Λˆ(A) or Λˆ(B) as summarized in Table I. In the zero tem-
perature limit (β → ∞), the optimal interferometer is
Λˆ
(A)
n for q < qth, and changes into Λˆ
(B)
n in the opposite
case. The threshold value qth defines a degenerate point
where both operators provide the same value of the QFI.
Approximated formulas for the threshold point qth are
qt− ≈ −1.2 for c2 < 0 and qt+ ≈ 0.8m2 for c2 > 0 [9].
The zero-temperature behavior of the QFI extends deep
into the non-zero temperature regime. When the ther-
mal energy dominates, the QFI saturates at a finite value
and does not depend on q, giving rise to a third region
with optimal interferometer Λˆ
(B)
n .
4IV. THE TWO-MODE INTERFEROMETER
The optimal interferometer involves two modes mF =
±1 only in the region A, what is not the case for B in gen-
eral. However, when |γ| = 1 the optimal interferometer
in the region B is two-mode as well, e.g. mF = 0, 1 for
positive average magnetizations. Therefore, we distin-
guish between the three-mode interferometer Λˆ
(B)
n , with
proper value of γ and the two-mode interferometer with
Kˆy = i(aˆ
†
0aˆ+1 − aˆ†+1aˆ0), (17)
where γ = 1 was put into the in Eq. (15) (as we concen-
trate on positive average magnetizations 〈Jˆz〉 > 0).
V. EXPERIMENTAL IMPLEMENTATION OF
OPTIMAL INTERFEROMETRIC ROTATIONS
Magnetometers based on alkali atoms rely on the de-
tection of Larmor precession. For a weak magnetic field
oriented along the z-axis, the collective quantum state ρ˜
acquires the phase θ = SBthold during a hold time thold.
The sensitivity S relates the Larmor frequency ω = SB
to the magnetic field strength B [43]. During the Lar-
mor precession cycle, the state ρ˜ is rotated around the
operator Jˆz according to the equation
ρ˜θ = e
−iθJˆz ρ˜eiθJˆz . (18)
The states (2) of spin-1 Bose-Einstein condensates are
optimally employed if the interferometer is either Λˆ
(A)
n
or Λˆ
(B)
n . This can be done experimentally using current
technology in a three stage interferometer with the phase
imprinting process defined in Eq. (18). During a prepa-
ration procedure the input quantum state ρˆ is rotated
using a unitary operator Rˆ, resulting in ρ˜ = RˆρˆRˆ†. Sub-
sequently, the state ρ˜ is subject to the phase imprinting
process (18). Finally, the state ρ˜θ is dis-entangled using
the conjugate rotation Rˆ† giving ρˆθ = Rˆ
†ρ˜θRˆ. In order
to implement the general rotation exp(−iθΛˆn) we need
to find the unitary transformation Rˆ such that
Rˆ†e−iθJˆzRˆ = e−iθΛˆn . (19)
It is a straightforward procedure for Λˆn = Λˆ
(A)
n = Qˆxy,
because operators {Dˆxy, Qˆxy, Jˆz} span the SU(2) Lie al-
gebra, thus Rˆ = exp(−iπDˆxy/4). In the second case,
with Λˆn = Λˆ
(B)
n = (Jˆy + γQˆyz)/
√
1 + γ2, we need two
rotations Rˆ = exp(−iπJˆx/2) exp(iαQˆxy), where cosα =
(1 + γ2)−1/2. Both rotations can be realized experi-
mentally, since they either involve two extremal modes
mF = ±1 or spin operators [3, 44].
VI. THE FISHER INFORMATION
A large value of the QFI implies that the quantum
state ρˆ may be useful for sub-SQL interferometry as long
as a proper quantum measurement and an estimator are
chosen. Finding the optimal measurement, which at
the same time is experimentally implementable, is not
a straightforward task. A collection of measurement op-
erators Πˆx, satisfying
∑
x Πˆ
†
xΠˆx = 1, defines conditional
probabilities p(x|θ) = Tr{Πˆxρˆout} of measuring the out-
come x given the θ. The knowledge of p(x|θ) is used to
construct an estimator for the phase θ, and according to
the Crame´r-Rao inequality the precision ∆θ in the θ esti-
mation is bounded from below by the Fisher information
I(θ) defined as [24, 45]
I(θ) =
∑
x
1
p(x|θ)
(
∂p(x|θ)
∂θ
)2
. (20)
An equivalent formula for the FI can be found in Ap-
pendix A. The FI is always smaller than the QFI, i.e.
I(θ) 6 FQ, because the QFI is already optimized over
all possible quantum measurements [25]. Suggesting a
measurement Πˆx that would saturate this inequality is
a relevant theoretical task for practical implementation.
As noted in [46, 47], there always exists a projective mea-
surement strategy in the eigenbasis of the symmetric log-
arithmic derivative [25, 45] that is optimal, but it is θ-
dependent and typically not straightforward.
Our choice is the experimentally relevant measure-
ment of populations of Zeeman components, and the
purpose of our calculations is to verify under which cir-
cumstances this measurement is optimal, i.e. maximizes
the FI up to its quantum value. We define the opera-
tor of the measurement as Πˆ{M,k} = |M,k〉〈M,k|, where
|M,k〉 ≡ |N+1, N0, N−1〉 is the Fock state with constraint
imposed on the total particle number
∑
mF
NmF = N ,
the magnetization N+1 − N−1 = M and k = N+1. The
occupation of the mF = +1 Zeeman component de-
pends on the magnetization k = kmin, . . . , kmax, where
kmin = max(0,M) and kmax = ⌊(N +M)/2⌋. The prob-
ability distribution p({M,k}|θ) is then
p({M,k}|θ) = 〈M,k|e−iθΛˆn ρˆeiθΛˆn |M,k〉. (21)
In the parametrized Fock state basis, the general quan-
tum states (2) can be written as
ρˆ =
∑
M ′
wM ′
∑
k1,k2
ρM
′
k1,k2 |M ′, k1〉〈M ′, k2| (22)
and the probability distribution (21) is equal to
p({M,k}|θ) =∑
M ′
wM ′
∑
k1,k2
ρM
′
k1,k2
[
DM ′,Mk1,k (Λˆn, θ)
]∗
DM ′,Mk2,k (Λˆn, θ),
(23)
where DM ′,Mk′,k (Λˆn, θ) = 〈M ′, k′|eiθΛˆn |M,k〉.
Below we will calculate I(θ) analytically and numeri-
cally based on (20) for the ground and thermal states (2)
of the system (1) with fixed and fluctuating magnetiza-
tion.
5A. Ground states and fixed magnetization
We start our analysis with the simplest case of the
pure state |ΨM¯ 〉 in the block of fixed magnetization M¯ .
It means that the distribution of magnetization is just
wM = δM¯,M . We denote the rotated pure state by
|ΨM¯ 〉θ ≡ e−iθΛˆn |ΨM¯ 〉 which expanded over the Fock
state basis is |ΨM¯ 〉θ =
∑
M,k CM,k(θ)|M,k〉. Expansion
coefficients CM,k(θ) are all real, because both the state
|ΨM¯ 〉 and the rotations with Λˆ(A,B)n operators are real.
The conditional probability is equal to p({M,k}|θ) =
C2M,k(θ). Since the probability is determined by a single
real number, one can show that the FI equals to [48]
I(θ) = 4〈ΨM¯ |Λˆ2n|ΨM¯ 〉, (24)
and does not depend on θ. The FI (24) takes the same
form as the QFI [9]. It holds for both the three- and
two-mode interferometers. We mentioned that operators
Λˆ
(A,B)
n give the optimal value of the QFI for macroscopic
magnetization, but in fact they are also good in the case
M¯ = 0. The slight difference is that for c2 < 0 the
optimal operator can be Jˆy (γ = 0 in Λˆ
(B)
n ) for some
values of magnetic field, see Section VII.
We verified our finding by numerical calculations
within the exact diagonalization method, see Appendix B
for explanation. An example of numerical results is
shown in Fig.1 demonstrating validity of the analytical
analysis.
B. Thermal states and fixed magnetization
When the temperature is non-zero, but the state still
has a well defined magnetization (σ → 0), the general
quantum state (2) can be written down in the Fock state
basis as follows
ρˆ =
∑
k1,k2
ρM¯k1,k2 |M¯, k1〉〈M¯, k2|. (25)
When the information about θ is encoded on three modes,
e.g. by rotation around Λˆ
(B)
n , analytical expressions for
the FI can be derived only at θ = 0.
The probability p({M,k}|0) = ρM¯k1,k1δM¯,Mδk1,k is non-
zero only for limited values of {M,k}. On the other hand,
the first derivative
∂p({M,k}|θ)
∂θ
∣∣∣∣
θ=0
=
∑
k1,k2
ρM¯k1,k2δM¯,M ·
·
{
〈M¯, k1|(iΛˆn)|M,k〉∗δk2,k + 〈M,k2|(iΛˆn)|M¯, k〉δk1,k
}
(26)
is always zero for operators Λˆ
(A,B)
n , because they do
change magnetization. Whenever p({M,k}|0) → 0 one
has to analyze the 0/0 expression, e.q. using l’Hospital’s
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FIG. 1. (Color online) An example of the FI (20) divided by
4N2 versus θ from exact numerical calculations forM = 0.8N ,
q = 0 and c2 > 0 is shown in (a). The FI at θ = 0 versus q
for the three-mode (black circles) and two-mode (gray crosses)
interferometry compared to the QFI for the three-mode (black
solid lines) and two-mode (gray dashed lines) interferometry
in the ground state of the system for fixed magnetizationM =
0.1N and c2 < 0 in (b), M = 0.5N and c2 < 0 in (c), and
M = 0.8N and c2 > 0 in (d). The total atom number is
N = 102.
rule. In that case, the FI is determined by the second
derivative of the probability p({M,k}|θ) taken at θ = 0,
which gives
I(0) =4
∑
k1,k2
ρM¯k1,k2〈M¯, k2|Λˆ2n|M¯, k1〉
−4
∑
k
∑
k1,k2
ρM¯k1,k2〈M¯, k|Λˆn|M¯, k1〉〈M¯, k2|Λˆn|M¯, k〉,
(27)
where the summation runs over all indexes for which
ρMk,k 6= 0. The operators Λˆn that do not change the
magnetization, e.q. Λˆn = Jˆz or Yˆ , give I(0) = 0 due
to compensation of both terms in Eq. (27). Luckily, for
operators Λˆ
(A,B)
n the second term in (27) vanishes and
the FI equals the QFI, see Table I. However, the θ de-
pendence of the FI is in general unknown, and therefore
numerical calculations are needed.
By performing and analyzing exact numerical results
we made the following observations. In general, the FI for
the three-mode interferometer depends on the phase θ,
taking the maximal value for θ = 0,±π, . . . . We noticed
that variation of I(θ) versus θ strongly depends on the
value of q. In the vicinity of the threshold point qth the FI
rapidly varies with θ (as demonstrated in Fig. 2(a)). The
farther away from the qth, the smaller the changes, which
eventually gives I(θ)→ I(0) when |q| ≫ qth. In the high
magnetic field limit, q → ∞, the FI for the two-mode
6transformations are equal to the FI for the three-mode
interferometers, and they are θ independent. This obser-
vation suggests that the two-mode interferometers may
in general give the FI independent of θ. Indeed, we con-
firmed both numerically (see Fig. 2) and analytically (see
Section VIB1) that the FI and the QFI have the same
value for the two-mode interferometers and they are in-
dependent of θ. We explain that surprising at the first
look result for our system in Section VIB 1 and general-
ize to the systems composed of atoms with higher spin in
Section VIB 2. In Fig. 2 we gathered exact numerical re-
sults for a broad range of parameters. Comparison of the
QFI value to the maximal value of FI is shown in pan-
els (b)-(d). The overlap between the two-mode (crossed
points) and three-mode (closed points) versions of the FI,
and the two-mode (dashed lines) and three-mode (solid
lines) versions of the QFI is clearly visible. It demon-
strates that the two-mode interferometer transformation
is competitive with the three-mode one, and gives the HL
of the FI in a broad range of parameters.
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FIG. 2. (Color online) (a) An example of θ dependence of
the FI (20) divided by 4N2 for Λˆn = Λˆ
(A)
n (orange dashed
line), the two-mode Λˆn = Kˆy (black dash-dotted line) and
the three-mode Λˆn = Λˆ
(B)
n (blue solid line) interferometric
transformations with M = 0.1N , β = 10−3, q = −0.5, c2 < 0.
In (b)-(d) the two-mode (crossed points) and the three-mode
(filled points) versions of the FI divided by 4N2 versus log10 β
are shown and compared to the two-mode (dashed lines) and
three-mode (solid lines) versions of the QFI divided by 4N2
for different values of q as indicated by colors: q = −5 (marked
by purple), q = −0.5 if c2 < 0 or q = 0.5 if c2 > 0 (marked
by red) and q = 5 (marked by green). The parameters are
M = 0.1N , c2 < 0 in (b),M = 0.5N , c2 < 0 in (c),M = 0.8N ,
c2 > 0 in (d) with N = 50.
1. Mapping to the SU(2)
When the unknown value of θ is encoded only in two
modes, the third mode carries no information about θ,
and any measurement involving that mode does not in-
crease the FI value. The interferometric precision is the
same as for the initial quantum state ρˆ traced out over the
unused mode ρˆ2 = Tr3{ρˆ}. This is a general statement
and is not limited to the three-mode case. Any narb-mode
state ρˆnarb gives the same statistics, in a two-mode inter-
ferometry, as the two-mode state ρˆ2 = Trnarb−2{ρˆnarb},
where the trace is taken over narb − 2 unused modes.
In order to demonstrate that the measurement of pop-
ulations of Zeeman components is optimal for a two-
mode interferometric transformation we focus on the two
mF = ±1 states (similar calculations can be done for
other combinations). The triple operators Aˆx = Dˆxy,
Aˆy = Qˆxy and Aˆz = Jˆz span the SU(2) Lie algebra with
cyclic commutation relations [Aˆn, Aˆk] = 2iǫnklAˆl. The
Fock state |N+1 = j+m,N0 = N−2j,N−1 = j−m〉 is a
simultaneous eigenstate of Aˆ2 =
∑
i Aˆ
2
i with eigenvalue
4j(j + 1), and Aˆz with eigenvalue 2m. The quantum
state limited to the fixed magnetization subspace can be
written in the following form:
ρˆ =
∑
j1,j2
Cj1,j2 |j1 + m¯,N − 2j1, j1 − m¯〉
× 〈j2 + m¯,N − 2j2, j2 − m¯|. (28)
In the two-mode interferometric transformation
exp(−iθAˆy) the third mode mF = 0 carries no in-
formation about θ, thus we can work with the reduced
quantum state
ρˆ2 = Tr0{ρˆ} =
∑
j
Cj,j |j, m¯〉〈j, m¯|, (29)
where the shorthand notation |j, m¯〉 ≡ |j + m¯, j −
m¯〉 was used. The probability of measuring N+1
atoms in the mF = 1 component and N−1 atoms
in the mF = −1 component is equivalent to calcu-
lating p({j,m}|θ) = 〈j,m|ρˆ2(θ)|j,m〉, where ρˆ2(θ) =
exp(−iθAˆy)ρˆ2 exp(iθAˆy). This is a typical Mach-Zehnder
interferometer, and straightforward calculations give
p({j,m}|θ) = Cj,j [d(j)m,m¯(2θ)]2, (30)
where d
(j)
m,m¯(2θ) = 〈j,m|e−iθAˆy |j, m¯〉 is the Wigner rota-
tion matrix. The FI is [48]
I(θ) = 4
∑
j,m
Cj,j
[
d
dθ
djm,m¯(2θ)
]2
= 4
∑
j
Cj,j〈j,m|Aˆ2y |j,m〉, (31)
and equals the two-mode QFI with FQ = 4〈Aˆ2y〉 for any
value of the phase θ. The conclusion remains unchanged
for remaining two-mode interferometers. When the inter-
ferometer involves the mF = 0,+1 Zeeman components,
then the triple operators are Aˆx = (Jˆx+ Qˆzx)/
√
2, Aˆy =
(Jˆy + Qˆyz)/
√
2, Aˆz = (Jˆz +
√
3Yˆ )/2. The corresponding
7Fock state can be re-expressed as |j +m, j −m,N − 2j〉,
with m = M + N − 3j. When the interferometer in-
volves the mF = 0,−1 Zeeman modes, then Aˆx =
(Jˆx−Qˆzx)/
√
2, Aˆy = (Jˆy−Qˆyz)/
√
2, Aˆz = (Jˆz−
√
3Yˆ )/2
and the corresponding Fock state can be re-expressed as
|N − 2j, j +m, j −m〉, with m =M +N + 3j.
2. Efficiency of the two-mode interferometer for an
arbitrary number of input modes
In the case of narb number of input modes, the general
mixed quantum state can be written as
ρˆ =
∑
j,j′
∑
m,m′
∑
l,l′
Cj
′,m′,l′
j,m,l |j+m, j−m, l〉〈j′+m′, j′−m′, l′|,
(32)
where j ∈ {0, 1/2, . . . , N/2}, m ∈ {−j,−j + 1, . . . , j}
and l = (l1, . . . , lnarb−2) with
∑narb−2
i=1 li = N − 2j. Since
narb − 2 modes do not take part in the interferometry
operation, we can trace them out and effectively work
with
ρˆ2 = Trl [ρˆ] =
∑
j
∑
m,m′
ρjm,m′ |j+m, j−m〉〈j+m′, j−m′|,
(33)
where ρjm,m′ =
∑
l
Cj,m
′,l
j,m,l . If it happens that ρˆ encloses
itself entirely in a subspace with fixed m = m¯, or at least
m can be written as a function of j, i.e. m = m(j), then
ρˆ2 =
∑
j
ρjm(j),m(j)|j+m(j), j−m(j)〉〈j+m(j), j−m(j)|,
(34)
and it is an incoherent mixture of pure states belong-
ing to different subspaces of j. Because the two-mode
interferometer Aˆy does not connect states with differ-
ent quantum number j, the reduced two-mode quantum
Fisher information is
FQ[ρˆ2] = 8
∑
j
ρjm(j),m(j)[j(j + 1)−m(j)2], (35)
and based on the results from the previous Section VIB 1
one can also show that the corresponding FI is indepen-
dent of the phase θ and
I(θ; ρˆ2) = FQ[ρˆ2]. (36)
C. When magnetization fluctuates
Lets us consider the most general states for macro-
scopic magnetizations with non-zero fluctuations of mag-
netization ∆M = σ 6= 0. The FI can be analyzed analyt-
ically for zero temperature only when the ground state
in the subspace of fixed magnetization is the Fock state
|M,kmax〉 [9] for q < 0. In this case the state (2) is of the
form
ρˆ =
∑
M
wM |M,kmax〉〈M,kmax|, (37)
(a)
0 π/4 π/2 3 π/4 π
0.0
0.05
0.1
0.15
!"#
θ
(b)
0 π/4 π/2 3 π/4 π
0.0
0.001
0.002
0.003
0.004
θ
(c)
0 π/4 π/2 3 π/4 π
0.0
0.05
0.1
0.15
$%&
θ
(d)
0 π/4 π/2 3 π/4 π
0.0
0.001
0.002
0.003
0.004
θ
FIG. 3. (Color online) The FI divided by 4N2 from (20)
versus θ for the two-mode with Λˆn = Kˆy in (a)-(b) and the
three-mode with Λˆn = Λˆ
(B)
n in (c)-(d) interferometric trans-
formations including fluctuations of magnetization of amount:
σ/
√
N = 0,
√
2/20,
√
2/10,
√
2/5, 3
√
2/10 marked by col-
ored solid lines from top to bottom in (a) and (c), and for
σ/
√
N =
√
2/2, 7
√
2/10,
√
2 marked by colored solid lines
from top to bottom in (b) and (d), with N = 50, m = 0.1,
c2 > 0, β = 10
−2 and q = 0.5.
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FIG. 4. (Color online) (a) The maximal value of the rela-
tive Fisher information I(θ)/FQ versus fluctuations of mag-
netization σ/
√
N for the two-mode with Λˆn = Kˆy (crossed
points) and the three-mode with Λˆn = Λˆ
(B)
n (filled points)
interferometry with q = −5 (marked by purple stars for the
two-mode and by diamonds for the three-mode cases), q = 0.5
(marked by red crosses for the two-mode and by squares for
the three-mode cases) and q = 5 (marked by green ”Y” for
the two-mode and by circles for the three-mode cases), and
for β = 10, N = 50, m = 0.8, c2 > 0. (b) θopt versus σ/
√
N
for the same parameters as in (a). In (c) and (d) the same
quantities are plotted as in (a) and (b), respectively, but for
β = 10−2. Vertical lines in (a) and (c) mark SQL. Colored
lines linking the points are added to guide the eye.
8A tedious evaluation of the FI at θ → 0 leads to
I(0) =4
∑
M
wM 〈M,kmax|Λˆ2n|M,kmax〉
−4
∑
M ′,M
wM ′ |〈M ′, kmax|Λˆn|M,kmax〉|2. (38)
Direct calculations show that I(0) = 0 for the optimal
operator Λˆn = Dˆxy. However, in general the variation of
the FI with θ and its maximal value are unknown. As the
above example indicates the optimal value of the FI may
not be at θ = 0 anymore. We use numerical calculations
to understand the effect of magnetization fluctuations.
An example of our exact numerical results is shown
in Fig. 3. Indeed, the resulting FI is equal to 0 when
θ → 0, but then it increases rapidly with θ, see Fig. 3(a)-
(b) for the two-mode and Fig. 3(c)-(d) for the three-mode
interferometers. In general, the FI depends on the phase
θ, and there is an optimal value of the phase, namely θopt,
for which the FI value is the largest. Thus, fluctuations of
magnetization result in a shift of the optimal phase. The
similar effect was also observed in the case of detection
noise, as reported in [49].
In Fig. 4 we gather the maximal values of the I(θopt)
in (a) and (c), and corresponding values of θopt in (b) and
(d). Unfortunately, the maximal value of the FI is not
exactly equal to the QFI in some cases. It means that
the measurement of populations of Zeeman components
is not the most optimal one when fluctuations of magne-
tization start to play an important role. However, it is
not the worst choice because I(θopt) still overcome the
standard quantum limit as long as σ <
√
N .
VII. THE SPECIAL CASE OF ZERO
MAGNETIZATION
The authors mentioned in [9] that the optimal value
of the QFI is determined by the maximum among the
three values: λA, λB and also λC = Γ77 in general. The
eigenvalue λC corresponds to the optimal interferomet-
ric transformation Λˆ
(C)
n = Yˆ . In the case of macroscopic
magnetization the operators Λˆ
(A,B)
n were sufficient to de-
termine the optimal value of the QFI for all ranges of tem-
perature and magnetic field strength. This is no longer
true when M is close to zero in the high temperature
limit, where fluctuations of Λˆ
(C)
n become dominant. In
this special case, the QFI of the ground state (β → ∞)
is determined by λA in the Twin-Fock phase (also called
antiferromagnetic) for q < qc and λB in the polar and
broken-axisymmetry phase for q > qc, where qc is the
critical point which at M = 0 is qc = 0 for c2 > 0, and
qc = −2 for c2 < 0. The situation changes in the high
temperature limit (β → 0) when the QFI is determined
by the value of λC only.
In Fig. 5 we show an example of exact numerical re-
sults for the FI (points) based on the measurement of
populations of Zeeman components compared to the QFI
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FIG. 5. (Color online) The FI at θ = 0 (green points) versus
log10 β for q = −5 in (a) and for q = 5 in (b) compared to
the QFI (black solid line), with N = 100, c2 < 0, σ = 0,
M = 0. The variances of Dˆxy (red dashed line), Jˆx (orange
dotted line) and Yˆ (purple dot dashed line) are also shown.
All quantities are divided by 4N2.
(black solid lines) in the case of zero fluctuations of mag-
netization (σ → 0). As long as the temperature is low
(β →∞), the measurement of Zeeman components pop-
ulations is optimal, i.e. maximizes the FI. In the high
temperature limit (β → 0) the value of λC is the high-
est and determines the value of the QFI. Unfortunately,
operator Yˆ is diagonal in the Fock state basis and parti-
cle number measurement carries no information about θ
in the case of the interferometer Λˆ
(C)
n yielding I(θ) = 0.
Hence, other rotations with (Λˆ
(A)
n or Λˆ
(B)
n ) are a better
choice because their variance scales as N2.
Interesting situation takes place in the polar phase for
q > 2. In the ground state all atoms occupy the mF = 0
Zeeman state, forming a coherent state |0, N, 0〉 with the
FQ = 4N . When the temperature grows, higher energy
entangled states are being populated increasing the QFI
value, as illustrated in Fig. 5(b). Finally, in the high-
temperature limit (β → 0) the QFI gains the Heisenberg
scaling. The careful reader can notice the same effect
in Fig. 2(d) for macroscopic magnetizations, where the
temperature slightly increases the value of the QFI. A
similar effect was recently reported in [50].
VIII. PRECISION FROM THE
MEASUREMENT OF SIGNAL
The method of moments [45, 51, 52] is an alternative
estimation strategy, which does not require the knowl-
edge of the probability distribution p(x|θ). The strategy
can be of less experimental effort, provided the signal
is proper and possible to measure. The purpose of this
section is to identify an appropriate observable leading
to the signal possible to measure for the states (2) with
fixed magnetization.
The observable Pˆ with θ dependent expectation value
〈Pˆ〉θ carries information about unknown value of θ, and
thus can be exploited in the estimation procedure. In the
limit of a large number of measurements ν ≫ 1 the esti-
mation precision ∆θmom is given by the error-propagation
formula [45, 51, 52]: ∆θmom = (∆Pˆ)θ/|√ν∂θ〈Pˆ〉θ|, where
(∆Pˆ)θ =
√
〈Pˆ2〉θ − 〈Pˆ〉2θ. The uncertainty of θ is
9bounded from below by the QFI
(
√
ν∆θmom)
−2 ≤ FQ. (39)
In the two-mode interferometry introduced in Sec-
tion VIB 1, the input states are effectively incoherent
mixtures of Dicke states, i.e. ρˆ =
∑
j Cj,j |j,m〉〈j,m|,
where |j,m〉 ≡ |j + m, j − m〉 is a short-hand notation
for the two-mode Fock state with j +m atoms in a state
a and j −m in a state b. From now on, we drop any ref-
erence to specific Zeeman states and work with general
creation operators aˆ† and bˆ† and spin operators
Sˆx =
1
2
(aˆ†bˆ+ bˆ†aˆ), (40a)
Sˆy =
1
2i
(aˆ†bˆ − bˆ†aˆ), (40b)
Sˆz =
1
2
(aˆ†aˆ− bˆ†bˆ), (40c)
which satisfy cyclic commutation relations [Sˆn, Sˆk] =
iǫnklSˆl. It was noted in [53] that the measurement of
the Sˆ2z operator saturates the inequality (39) for a spe-
cific value of θ. As we will demonstrate, this result holds
only for Dicke states with m = 0. Otherwise, the pre-
cision ∆θmom diverges rapidly with m from its optimal
value given by the square root inverse of the QFI. We
also show that the measurement of the parity operator
Πˆb is not optimal for general incoherent mixture, how-
ever it saturates the inequality (39) in the case if a pure
Dicke state.
A. Measurement of the Sˆ2z operator
In the Mach-Zender interferometer information about
θ is imprinted on the initial state ρˆ through a unitary
transformation ρˆθ = UˆθρˆUˆ
†
θ , where Uˆθ = exp(−iθSˆy).
The expectation value of Sˆ2z equals
〈Sˆ2z 〉θ =Tr
{
Sˆ2ze
−iθSˆy ρˆeiθSˆy
}
=cos2 θ〈Sˆ2z 〉+ sin2 θ〈Sˆ2x〉 − cos θ sin θ〈{Sˆz, Sˆx}〉,
(41)
where we used the formula Uˆ †θ SˆzUˆθ = cos θSˆz − sin θSˆx.
In the method of moments uncertainty of θ follows from
uncertainty of 〈Sˆ2z 〉θ [51] and takes the form
∆θmom =
(∆Sˆ2z )θ√
ν
∣∣∣ ddθ 〈Sˆ2z 〉θ∣∣∣ , for ν ≫ 1. (42)
As explained in [53], and also in Appendix C, the un-
certainty ∆θmom for a special class of quantum states ρˆ
becomes
ν∆θ2mom =
(∆Sˆ2x)
2f(θ) + 4〈Sˆ2x〉 − 3〈Sˆ2y〉 − 2〈Sˆ2z〉(1 + 〈Sˆ2x〉) + 6〈SˆzSˆ2xSˆz〉
4(〈Sˆ2x〉 − 〈Sˆ2z 〉)2
,
(43)
where
f(θ) =
[
(∆Sˆ2z )
2
(∆Sˆ2x)
2
1
tan2 θ
+ tan2 θ
]
. (44)
The phase θmin which minimizes the uncertainty (41) is
tan2 θmin =
∆Sˆ2z
∆Sˆ2x
, (45)
thus the estimation procedure performed around the
value θmin gives the optimal precision ∆θmin with
ν∆θ2min =
2∆Sˆ2z∆Sˆ
2
x + 4〈Sˆ2x〉 − 3〈Sˆ2y〉 − 2〈Sˆ2z 〉(1 + 〈Sˆ2x〉) + 6〈SˆzSˆ2xSˆz〉
4(〈Sˆ2x〉 − 〈Sˆ2z 〉)2
.
(46)
For an incoherent mixture of Dicke states ρˆ =∑
j Cj,j |j,m〉〈j,m|, introduced in Section VIB 1, we
have:
〈Sˆ2x〉 = 〈Sˆ2y〉 =
1
2
∑
j
Cj,j [j(j + 1)]− 1
2
m2, (47)
〈Sˆ2z 〉 = m2, (48)
∆Sˆ2z = 0, (49)
〈SˆzSˆ2xSˆz〉 = m2〈Sˆ2x〉, (50)
and the inverse of precision squared is equal to
(
√
ν∆θmin)
−2 =
2
[∑
j Cj,jj(j + 1)− 3m2
]2
[∑
j Cj,jj(j + 1)−m2
]
(1 + 4m2)− 4m2
.
(51)
The above expression agrees with the QFI value FQ[ρˆ] =
2
∑
j Cj,jj(j + 1)− 2m2 only if m is zero. Otherwise, it
diverges rapidly with m, as can be seen from the Tay-
lor expansion around small m (see Fig. 6 for a special
case ρˆ = |j,m〉〈j,m|). Therefore, the measurement of Sˆ2z
is not the optimal one for the states with macroscopic
magnetization and m 6= 0.
B. Mach-Zehnder interferometry with the parity
measurement
The parity operator is diagonal in the particle number
basis [54]
Πˆ = (−1)Nˆb =
∑
j,m
(−1)j−m|j,m〉〈j,m|, (52)
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FIG. 6. (Color online) The precision from the error-
propagation formula (51) (red solid) for a single Dicke state
ρˆ = |j,m〉〈j,m| versus the fractional magnetization m com-
pared to the lower bound set by the QFI (blue dashed). In
the figure, j = 10.
and has only two eigenvalues ±1 depending on the par-
ticle number parity in the b component. This feature
makes it very sensitive to e.g. detection noise [49]. The
parity operator can be measured by counting the num-
ber of particles in one of the components and assigning
to this result the eigenvalue ±1, depending on the parity.
This requires single particle resolution [55, 56].
The expectation value 〈Πˆ〉θ of the parity operator cal-
culated with the initial mixture of Dicke states ρˆ =∑
j Cj,j |j,m〉〈j,m| takes the form
〈Πˆ〉θ =
∑
j
Cj,j〈j,m|eiθSˆy · Πˆ · e−iθSˆy |j,m〉
=
∑
j
Cj,j
j∑
m′=−j
(−1)j−m′
∣∣∣〈j,m|eiθSˆy |j,m′〉∣∣∣2
=
∑
j
Cj,j
j∑
m′=−j
(−1)j−m′
[
djm,m′(θ)
]2
. (53)
Since Πˆ2 = 1, the error-propagation formula reduces to
(∆θmom
√
ν)−2 =
∣∣∣d〈Πˆ〉θdθ ∣∣∣2
1− 〈Πˆ〉2θ
6 FQ[ρˆ] (54)
In general, it is not possible to saturate the inequality
in Eq. (54) when at least two coefficients Cj,j are non-
zero. However, in a special case ρˆ = |j,m〉〈j,m| of a pure
Dicke state the 0/0 expression appears in (54) at θ = 0.
The Taylor expansion of the expectation value (53) to
the 4-th order around small θ gives
〈Πˆ〉θ =(−1)j−m
[
1− θ2 · P2(j,m)
+θ4 · P4(j,m)
]
, (55)
where
P2(j,m) = 〈j,m|Sˆ2y |j,m〉+
∑
m′
(−1)m−m′〈j,m|Sˆy|j,m′〉2
= 2[j(j + 1)−m2] = FQ
2
, (56)
P4(j,m) =
1
12
〈j,m|Sˆ4y |j,m〉
+
1
3
∑
m′
(−1)m−m′〈j,m|Sˆy|j,m′〉〈j,m|Sˆ3y |j,m′〉
+
1
4
∑
m′
(−1)m−m′〈j,m|Sˆ2y |j,m′〉2. (57)
From the error-propagation formula (54) we get
(∆θmom
√
ν)−2 = FQ + θ
2
[
F 2Q
4
− 6P4(j,m)
]
+O(θ3).
(58)
The measurement of parity around θ = 0 is optimal for
any Dicke state |j,m〉, irrespective of m. In addition,
for the Twin-Fock state, with m = 0, estimation around
θ = π/2 is also optimal.
IX. CONCLUSIONS
Usefulness of spinor Bose-Einstein condensates for
atomic interferometry is investigated experimentally
nowadays [12, 17, 18, 40, 57–59], including observation
of the twin Fock state [40, 57]. However, main efforts
concentrate around the special case of zero magnetiza-
tion. Our results show that focusing on a specific value
of magnetization is very limiting.
In this paper we focused on the calculation of the
Fisher information for the spin-1 Bose-Einstein conden-
sates with thermally populated internal degrees of free-
dom, and show that the measurement of number of
atom population in particular Zeeman components max-
imizes its value. We introduced the concept of the effec-
tive two-mode interferometry in the three-mode system.
When the information about the parameter θ is contained
entirely within two modes, then quantum metrological
properties of the three-mode state are the same as of
the two-mode state obtained as a trace over an unex-
ploited mode. The same mapping can be performed for
an arbitrary number narb of modes and the corresponding
SU(narb) interferometer. In other words, the two-mode
interferometry can be implemented effectively in the sys-
tems consist of atoms with higher spin provided that the
interferometric transformation involves only two modes.
The two-mode Fisher information is independent of θ and
has Heisenberg scaling as long as the magnetization vari-
ance is smaller than 1 even for non-zero temperatures.
Moreover, the temperature can be a source of increasing
the Fisher information as we illustrated in Section VII for
the coherent state arising for zero magnetization in the
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high magnetic field limit. Fluctuations of magnetization
make the two-mode Fisher information θ dependent, and
hence introduce its optimal value for which the precision
in the estimation is the best.
Our results revealed a great potential of spinor con-
densates for quantum interferometry not only for zero
magnetization but also for a macroscopic one. However,
using them in practice can be of the same efficiency as
coherence states because decoherence effects or detection
noise prevent take advantage of their properties [60]. It
is the fact for other entangled states as well. However,
in the light of recent theoretical and experimental results
[14, 61, 62] it is interesting to develop an alternative in-
terferometric protocol that could diminish or even reduce
such destructive effects. This provides an interesting di-
rections for a further work.
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Appendix A: Equivalent expressions for the Fisher
information
According to the general definition (20), the Fisher
information can be calculated also from the following ex-
pressions:
I(θ) =
∑
M,k
1
p({M,k}|θ)
(
∂p({M,k}|θ)
∂θ
)2
=
∑
M,k
(
∂ log p({M,k}|θ)
∂θ
)2
p({M,k}|θ) (A1)
= 4
∑
M,k
(
∂
√
p({M,k}|θ)
∂θ
)2
(A2)
= −
∑
M,k
p({M,k}|θ) ∂
2
∂θ2
log p({M,k}|θ). (A3)
Appendix B: Numerical procedure for the Fisher
information calculations
The Fisher information was calculated numerically
based on Eq. (A2) by rotation of the density matrix writ-
ten in the Fock-state representation. In this way, one con-
siders only the representation of operators and states in a
more familiar vector space. Operations such as dot prod-
uct, addition and multiplication transfer into the vector
space, observables are represented by square hermitian
matrices, and ket states as column vectors. Eigenvec-
tors and eigenvalues of the Hamiltonian written in the
Fock state basis were used to form the density matrix
(28). They were calculated with algorithms built in the
MATLAB enviroment, as well as rotation of the density
matrix.
Appendix C: Expressions for the error propagation
formula in the case of 〈Sˆ2z〉 measurement
After some algebra one gets
d
dθ
〈Sˆ2z 〉θ = sin(2θ)
[
〈Sˆ2x〉 − 〈Sˆ2z 〉
]
− cos(2θ)〈{Sˆz, Sˆx}〉,
(C1)
and
(∆Sˆ2z )
2
θ = (∆Sˆ
2
z )
2 cos4 θ + (∆Sˆ2x)
2 sin4 θ
+ cos θ sin3 θ
[
2〈Sˆ2x〉〈{Sˆz, Sˆx}〉 − 〈{Sˆ2x, {Sˆx, Sˆz}}〉
]
+ cos3 θ sin θ
[
2〈Sˆ2z 〉〈{Sˆz, Sˆx}〉 − 〈{Sˆ2z , {Sˆx, Sˆz}}〉
]
+ cos2 θ sin2 θ
[
〈{Sˆz, Sˆx}2〉 − 〈{Sˆz, Sˆx}〉2
+ 〈{Sˆ2x, Sˆ2z}〉 − 2〈Sˆ2z 〉〈Sˆ2x〉
]
, (C2)
where {·, ·} denotes anti-commutator. In the case of
quantum states within a fixed magnetization subspace
the above formulas simplify due to
〈{Sˆz, Sˆx}〉 = 0, (C3)
〈{Sˆ2x, {Sˆz, Sˆx}}〉 = 0, (C4)
〈{Sˆ2z , {Sˆz, Sˆx}}〉 = 0, (C5)
and one recovers the result of [53].
Appendix D: Generalized Wigner rotation matrix
In the case of two-mode interferometers the function
DM ′,Mk′,k (Λˆn, θ) = 〈M ′, k′|eiθΛˆn |M,k〉 can be expressed in
terms of the Wigner rotation matrix d
(j)
m,m′(θ) [63] for any
values of θ. Therefore, when Λˆn = Λˆ
(A)
n = Qˆxy, we have
DM ′,Mk′,k (Λˆ(A)n , θ) = i
M−M′
2 δk′−M′2 ,k−
M
2
d
(k−M2 )
M′
2 ,
M
2
(2θ),
(D1)
and when Λˆn = Kˆy,
DM ′,Mk′,k (Kˆy, θ) = i
3(k−k′)
2 −
M−M′
2 δM ′−k′,M−k
d
(N+M−k2 )
3k′−N−M′
2 ,
3k−N−M
2
(2θ). (D2)
Obviously lim
θ→0
DM ′,Mk′,k (Λˆn, θ) = δM,M ′δk,k′ .
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